@ Consider the A-periodic sequence xwith Fourier series coefficient
sequence a

@ If xis real, then its Fourier series can be rewritten in trigonometric form as
shown below.

@ The of a Fourier series has the appearance
[]
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where Qg = &, Opr2 = Ay 2, Ok = 2Reak, and Bx= —2Imax. Note
@ that the above trigonometric form contains only r&a/ quantities.
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@ Letting a’k: Nag, we can rewrite the Fourier series synthesis and analysis
equations, respectively, as

N-1 N-1
vy a,ePm MK and  ak X n) e /(2 Mkn
k=0 0

X1)

@ Since xand a are both N-periodic, each oftEse sequences Is
completely characterized by its AVsamples over a single period.

@ Ifwe only consider the behavior of xXand a overa single period, this leads to
the equations

N-1
X 1) = %/;)a;(ef(ZT"Mk” for n=0,1,...,N—1 and
e
=y A2 Mk for k= 0,1,...,N—.1
Xr)e’

@ As itturns out, the above two equations define what is known as the
discrete Fourier transform (DFT.(
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@ The X ofthe sequence xis defined as

N-1
XR=S Anelm Ve fork=0,1,...N-.1
=0

@ The preceding equation is known as the

@ The xofthe sequence Xis given by
N-1 |
XN = }—V Z X(KHelZW Nk for n=0,1,... N-.1
k=0

@ The preceding equation is known as the

@ The DFT maps a finite-length sequence of A/samples to another
finite-length sequence of A/samples.

@ The DFT will be considered in more detail later.
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*Since the analysis and synthesis equations for (DT) Fourier series

o iInvolve only 7initesums (as opposed to infinite series), convergence is
not a significant issue of concern.

If an A-periodic sequence is bounded (i.e., is finite in value), its
o Fourierseries coefficient sequence will exist and be bounded and the
Fourier series analysis and synthesis equations must converge.
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Section 9.2

Properties of Fourier Series ‘
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Xn) <= a

and  Un) <= by

Property Time Domain Fourier Domain

Linearity oax(m+BUM  aax+Bbk

Translation X n—ro e /K21 N1 gy

Modulation TN Gt

Reflection X1 a_k

Conjugation XH(n) ar,

Duality an Nl)c( —K(

Circular convolution  x@ Nayby

Multiplication X )AUN) a® b

Even symmetry Xxeven aeven

Odd symmetry Xodd aodd

Real X( 1) real ax= a,
Property

Parsevals relation

3 N AP =Y e ulak




@ Let xand ybe AN-periodic signals. If X(r) —="axand L) <= by, then
ax(n) + BAM) —= aa+ Bbr

where a and [3 are complex constants.

@ Thatis, a linear combination of signals produces the same linear
combination of their Fourier series coefficients.
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@ For an A-periodic sequence xwith Fourier-series coefficient sequence &
the following properties hold:

Xis even < 4is even; and

Xis odd < ais odd.

@ In other words, the even/odd symmetry properties of xand aalways
match.
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@ Asignal xis real if and only if its Fourier series coefficient sequence a
satisfies

ak = éffk for all &

)i.e., &@has conjugate symmetry.(

@ From properties of complex numbers, one can show that &= a* _,is
equivalent to

\ak|= |la« and agax= —arga-«

)i.e., |aklis evernand argakis odd(

@ Note that xbeing real does 770/ necessarily imply that ais real.



@ For an A-periodic sequence xwith Fourier-series coefficient sequence &
the following properties hold:

Q@ & is the average value of xover a single period¢
Q xisrealandeven < ais realand even; and

Q Xxisrealand odd < ais purely imaginary and odd.
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Section 9.3

Fourier Series and Frequency Spectra
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@ The Fourier series provides us with an entirely new way to view signals.

@ Instead of viewing a signal as having information distributed with respect

to f/me(i.e., a function whose domain is time), we view a signal as having
information distributed with respect to /requency (i.e., a function whose
domain is frequency.(

@ This so called frequency-domain perspective is of fundamental
Importance in engineering.

@ Many engineering problems can be solved /mwch more easi/y using the
frequency domain than the time domain.

@ The Fourier series coefficients of a signal xprovide a means to quantify
how much information xhas at different frequencies.

@ The distribution of information in a signal over different frequencies is
referred to as the frequency spectrum of the signal.
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@ To gain further insight into the role played by the Fourier series coefficients ax
in the context of the frequency spectrum of the Akfperiodic signal X it is
helpful to write the Fourier series with the axexpressed in polar formas

N-1 N-1
)((/7) — Z ake/onn — Z |a/(| g/(Qokr+ arg ay(
k=0 k=0

where Qp = 2%

@ Clearly, the Ath term in the summation corresponds to a complex sinusoid
with fundamental frequency AQg that has been amplitude scaledby a
factor of |ak| and #/me-shiftedby an amount that depends on arg ax.

@ Fora given k the /arger |ax| is, the larger is the amplitude of its
corresponding complex sinusoid @7 and therefore the /arger the

contribution the Ath term (which is associated with frequency AQo) will
make to the overall summation.

@ In this way, we can use |ak| as a /measureof how much information a
signal xhas at the frequency AQ.g
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Q

o

The Fourier series coefficients axof the sequence xare referred to as the
of X

The magnitudes |ak| of the Fourier series coefficients axare referred to as
the of X

The arguments arg ax of the Fourier series coefficients axare referred to as
the of X

The frequency spectrum axofan N-periodic signal is A-periodic in the
coefficient index kand 21r-periodic in the frequency Q = AQ.o

The range of frequencies between —1Tand TTare referred to as the

Often, the spectrum of a signal is plotted against frequency Q = AQq (over
the single 21T period of the baseband) instead of the Fourier series
coefficient index &
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@ Since the Fourier series only has frequency components at integer
multiples of the fundamental frequency, the frequency spectrum is
adiscrefein the independent variable (i.e., frequency.(

@ Due to the general appearance of frequency-spectrum plot (i.e., a number of
vertical lines at various frequencies), we refer to such spectra as

Version: 2016-01-25



